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UNIVERSAL LOEB-MEASURABILITY OF SETS
AND OF THE STANDARD PART MAP WITH APPLICATIONS

D. LANDERS AND L. ROGGE

ABSTRACT. It is shown in this paper that for K-saturated models many important
external sets of nonstandard analysis—such as monadic sets or the set of ail
near-standard points or all pre-near-standard points or all compact points—are
universally Loeb-measurable, i.e. Loeb-measurable with respect to every internal
content. We furthermore obtain universal Loeb-measurability of the standard part
map for topological spaces which are not covered by previous results in this
direction.

Moreover, the standard part map can be used as a measure preserving transforma-
tion for all 7-smooth measures, and not only for Radon-measures as known up to
now.

Applications of our results lead to simple new proofs for theorems of classical
measure theory. We obtain e.g. the extension of 7-smooth Baire-measures to
7-smooth Borel-measures, the decomposition theorems for r-smooth Baire-measures
and 7-smooth Borel-measures and Kakutani’s theorem for product measures.

1. Introduction. In [7 and 9] Loeb described a measure construction in nonstan-
dard analysis which gave nonstandard measure theory a fresh impetus. His construc-
tion is the following.

If o/ is an algebra on a set X and »: *&/ — *[0, 00) is an internal finite content,
then

v (4)="(v(4)), Aexd,

defines a finite measure on the algebra *</, and the system L(», *&/) = L(») of all
A C*X with

sup{»,(B): *#> BC A} =inf{r,(C): AC Ce*s}

is the o-field of all Carathéodory-measurable subsets of *X with respect to v, | *«/.
The common value of the above expressions defines the unique extension of », | *&/
to a measure on the complete g-algebra L(v) D *<Z. This extension is also denoted
by »,; v, is the Loeb-measure associated with v. A set 4 C*X is universally
Loeb-measurable if 4 € L(») for all finite internal contents » | *2/. The system of all
universally Loeb-measurable sets is denoted by L, (*&/) = L,.
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Let (X, ) be a topological Hausdorff-space where 7 is the system of open sets.
Assume that a structure is given including X and the set R of real numbers. In this
paper we consider K-saturated nonstandard models for these structures, where K is
a cardinal number with K > card(") and K > ¥ . For any x € X we call

m(x)=N{*T:xe T, TeT)

the monad of x. If y €*X and y € m(x) for some x € X, we write st(y) = x and
say that x is the standard part of y. As X is a Hausdorff-space, the standard part is
uniquely determined, if it exists. Any y having a standard part is called near-stan-
dard. The set of near-standard points in *X is denoted by ns(*X).

The standard part map st:ns(*X) — X has been investigated by several authors
(see [1, 2, 3, 5, 8, 11]). The standard part map is of great interest for various fields of
applications, since in many cases it can be used as a measure preserving transforma-
tion. Often measure preserving transformations have solved problems where purely
transfer-based methods failed; for more information on the importance of the
standard part map see [2].

Anderson [2] has shown that for each finite Radon-measure p defined on the
Borel-algebra 4 (= (7)) of X, the standard part map is a measure preserving
transformation, i.e.

(1) st'(B) € L(*u,*®) forall B € %;
(2) p(B) =*u,(st"}(B)) forall B € &.

If u| % is a finite Borel-measure, fulfilling (1), then *u, ost™' | # is a Radon-mea-
sure according to Theorem 4(ii). Hence only Radon-measures p can be represented
by p =*u, ost™!. Therefore the methods used in the literature up to now for
representing Borel-measures cannot lead beyond Radon-measures.

To handle more general measures than Radon-measures a new approach is
necessary. To this aim we introduce the following concepts: If »: *o/ — *[0, 00) is a
finite internal content, put for each 4 C*X

#(A):=inf{v,(B):ACcBe*s}, v(A):=sup{v,(B):ADBe*~}.
Then—by Loeb—vw,» are the outer respectively inner measures induced by
v, | L(v,*27), and hence ¥(A4) = v(A) if and only if 4 € L(», *«/).

Theorem 4(ii) shows that in a regular Hausdorff-space v ost™!| % is Radon and
vost™' | # is T-smooth for each finite internal content » | *#. Hence only the concept

of outer measures » can be a suitable approach for representing non-Radon-mea-
sures. Indeed it is: According to Theorem 9(ii) we have that

w|B=*nost™ | B = u| A is T-smooth.
Thus the above representation even characterizes the class of 7-smooth Borel-mea-
sures.

If 1| % is only a regular Borel-measure, it turns out that *ii ost™! | 4 is the greatest
7-smooth minorant of p|%2 (Theorem 9(i)). This leads to a decomposition of the
form

B=ppt+ gt o,
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where p, is Radon, p, is purely r-smooth, and p, is purely o-additive (for a
standard proof of the result see [13]).

An essential tool for our considerations is the measurability of ns(*X) and of the
standard part map st:ns(*X) — X. It turns out that st is universally Loeb-measura-
ble on ns(*X), i.e.

(3)
st™/(B) € L,(*8) nns(*X) = {CNns(*X):C € L,(*B)} forall Be A&.

Hence st is universally Loeb-measurable iff ns(*X) € L (*#) and therefore univer-
sally Loeb-measurable for many important topological spaces (see Corollary 3).

For applications in standard measure theory a stronger measurability of st than
given in (3) is needed, namely

(4) st'}(B) € L,(*®,) N ns(*X) forall B € B,

where %, is the o-algebra of Baire-sets of X, ie. %, is the smallest o-algebra
rendering all continuous real-valued functions measurable.

We show that (4) holds for each completely regular Hausdorff-space (Theorem 5).
This yields two results of classical measure theory: The extension theorem for
7-smooth Baire-measures to 7-smooth Borel-measures and the theorem of Kakutani
for product measures (Corollaries 13 and 14). Moreover we obtain representation
and decomposition results for Baire-measures.

Basic for our investigations are Theorems 1 and 2 which show that unions and
intersections of less than K-many sets of *&/ are universally Loeb-measurable and
that each finite internal content v |*<Z is “K-smooth.” A finite Borel-measure pu| %
is called regular iff u(B) = sup{u(C): C C B, C closed} for all B € %; it is called
Radon iff p(B) = sup{p(K): K C B, K compact} for all B € %, and it is called
7-smooth iff u(T) = supg.pu(S) for each system ¥CJ with 1T (L 1T
means Ug. .S =T, and for all S;, S, €% we have S; U S, C S; for some
S, € &). It is known that each Radon-measure is 7-smooth. Denote by 7, =
{f7(0): 0c R open, f continuous} the system of exact open sets of X. The
complements of the exact open sets are the exact closed sets.

A finite Baire-measure p|%, is called Radon iff for every ¢ > O there exists a
compact set K such that u(B) < ¢ for all Baire-sets B C X — K; it is called
T-smooth iff u(T) = supg ., pu(S) foreach ¥ C 7, with ¥ 1T € 9,

Let us remark that each finite Baire-measure p|%, is regular, ie. p(B) =
sup{u(C): C C B, C exact closed} for all B € %,,.

2. Universal Loeb-measurability of sets and of the standard part map. In this
section we prove results which hold for all finite internal contents, postponing the
results for internal contents of the form *u to §3. Results for internal contents are
useful in all cases in which nonstandard theory is applied to families of classical
measures: If . is a family of measures, then *# contains internal contents which
are not of the form *u.

We recall that we consider K-saturated nonstandard models.
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1. THEOREM. Let o/ be an algebra on X and S C*o/ be a subsystem with
card ¥ < K. Then the following assertions hold.
(VUge oS and Ngc S are universally Loeb-measurable;
(i) v, (T) = supse v, (S) [v,(T) = infgc v, (S)] if S1T[LLT] and v|*
is a finite internal content.

PROOF. (i) Let v|*#/ be a finite internal content. Put V:= Ug_ . S. We have to

show

a:=sup{r,(A):*#3ACV}=inf{y,(B): VCBe*s} =:p.
Let ¢ > 0 be arbitrary but fixed, and put for S € &

Fgi={AE€E*A: SCA v(A)<a+e}.

Then { #;: S € ¥} is a family of internal sets with the finite intersection property.
As card ¥ < K and as our model is K-saturated, there exists B € N % Then
VC Be*/ and v,(B) < a + ¢ Hence B < a + ¢ whence 8 < a. As obviously
a < . we have a = 8. Thus Ug . .~ S is universally Loeb-measurable. The assertion
forNgc o S follows by forming complements.

(i1) We only consider & 1 T. For each ¢ > 0 there exists by (i) a set 4 € *&/ with
ACTand v,(4)>2v,(T)— e As A and all § €% are internal and card ¥ < K,
we obtain by K-saturation a finite subsystem &,C.% with 4 CUgc,, S. As
& 1T, there exists S € & with 4 C S. Hence v,(S) = v, (T) — & This proves (ii).
0

The following theorem shows that the first part of Theorem 1(ii) can be gener-
alized. This result will be used in Theorem 4(i1).

2. THEOREM. Let &/ be an algebra on X and S C*«/ be a subsystem with
card ¥ < K. Let v|*&Z be a finite internal content. Then for every subset Z C *X the
following assertions hold.

(1) LT1T=vWTNZ)=supse,¥(SNZ)

(1) LIT=9(TNZ)=infg_,v(SNZ).

PROOF. (i) Let ¢ > 0 be given. By definition of » there exists Z, € *«/ with
Zc Z and v(Z,)< V(Z)+e

This implies for every 4 € L(v, *2/) that
(1) W(ANZ)<P(ANZ)+e
(as Z C Z_and A, Z, are v,-measurable, we have, using the Carathéodory-measura-
bility criterion,

H(ANZ)+3(ANZ)—e<i(ANZ)+3(ANZ)—¢

=3(Z)-e<v(Z)<#(ANZ)+7(ANZ)).
We have SN Z, 1T N Z, with SN Z, €*«/ for S € . Hence Theorem 1(ii) and
(1) imply
sup #(SNZ)>supp(SNZ)—e=v»(TNZ)-¢

sey ) sey 1(ii)
>9(TNZ)—e.
(1) follows by similar methods. O



UNIVERSAL LOEB-MEASURABILITY OF SETS 233

Let us remark that—by the same method— Theorems 1 and 2 can be proven for
finite internal contents on an internal algebra.

Important external sets in nonstandard topology, besides the set ns(*X) of
near-standard points, are the set pns(*X) of pre-near-standard points and the set
cpt(*X) of compact points, which are used e.g. to characterize locally compact
spaces, respectively complete spaces (see [12, 14]). We show that in many cases these
sets are universally Loeb-measurable.

The sets cpt(*X) and pns(*X) are defined by

cpt(*X) = U{*K: K C X, K compact};
pns(*X) = {x e*X|yem(x)="(*(x,y)) = 0},

where for the definition of pns(*X) we assume that X is metric with distance
function §; the monad m(x) is defined for all x €*X by m(x) =N{*T: x €*T, T
open}.

3. COROLLARY. Let (X, .9") be a Hausdorff-space with Borel-algebra %. Then:
(1) cpt(*X) € L, (*B);
(ii) pns(*X) € L (*#) for metric spaces;
(iii) ns(*X) € L (*#) for locally compact spaces, for o-compact spaces, and for
complete metric spaces;
(iv)st™(B) € L (*#) N ns(*X), B € B, for regular spaces.

PrROOF. Theorem 1 will be applied to & := Z.
(i) Put #:= {*K: X D K compact}. Then card &< card 7 < K and (i) follows
from Theorem 1(1).
(it) Part (ii) is shown by Theorem 1 if we prove (with K (x) = {y € X: 8(x, y) <
€})
(1) pns(*X) = ﬂ U *Kl/n(x)'
neN xeX

13

D ” follows directly. For the converse direction let y € pns(*X). Then for all
n€N: m(y)C {x €*X: *6(x,y)<1/n}. As m(y)=N{*T: ye*T, TeT},
and as our model is K-saturated with K > card 7, there exists T (= T,)) € 9 such
that

m(y) c*T C {x €*X: *8(x,y) <1/n}.

Choose x, € T; then *§(x,, y) < 1/n. Hence y € *K, ,,(x,).

(ii1) Since ns(*X) = cpt(*X) for a locally compact space (see Theorem 8.3.14 of
[14]) and ns(*X) = pns(*X) for a complete space (see Theorem 3.14.1 of [12]), it
remains to consider the ¢-compact case. Let X = U, . 5 K,, with compact K,,. Using
Lemma 3.4.4 of [1], we obtain

ns(*X) =st(x)= U st'}(k,)= U N{*T: K, C T, Topen},

neN neN

and hence ns(*X) € L (*%) according to Theorem 1(i).
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(iv) Let C C X be closed. Put m(C):= N{*T: Cc Te€Z}. Then m(C) e
L, (*#) by Theorem 1(i). Therefore it suffices to prove st™(C) = m(C) N ns(*X)
for a regular space: the inclusion “ C ” is obvious; for “ D ” let y € m(C) N ns(*X).
Then there exists x € X with y € m(x). If x & C then by regularity of X there
would exist disjoint open sets T;, T, with x € T, C C T,. Hence
m(C)N m(x) C*T), N*T, = &, yielding a contradiction. O

For locally compact spaces (see [1, 11]) and complete metric spaces (see [11]) part
(111) of Corollary 3 is known.

Since by Corollary 3(iv) the measurability of st is equivalent to the measurability
of ns(*X), it is of interest to obtain ns(*X) € L, (*#) for more general topological
spaces than in 3(iii). However, if X is a separable metric space or a complete
uniform space, then ns(*X) need not be universally Loeb-measurable.

(a) There exist separable metric spaces X which admit a non-Radon Borel-mea-
sure, say u. Then p is r-smooth and therefore ns(*X) & L(*u, *#) by Corollary 11.
Hence ns(*X) &€ L, (*%).

(b) X = RR is a complete uniform space which admits a 7-smooth Borel-measure
which is non-Radon. Then ns(*X) € L, (*#) by Corollary 11.

As in complete uniform spaces pns(*X) = ns(*X) (see Theorem 3.14.1 of [12]),
part (b) above shows that pns(*X) & L (*%) for certain complete uniform spaces.

As the measurability of the standard part map on ns(*X) is fundamental for this
paper, let us remark that Corollary 3(iv) does not hold without the assumption that
(X,.9) is regular: According to Example 15, even for m-smooth measures p in a
Hausdorff-space, it may happen that st™(B) & L(*u, *#) N ns(*X) for some B €
A. 1If, however, p is a regular measure in a Hausdorff-space, we obtain st™}(B) €
L(*u, *#) N ns(*X) for all B € # (see Lemma 8§(1)).

In the following theorem we prove in (i) a stronger form of measurability of the
standard part map than given in Corollary 3(iv). Such a stronger form of measurabil-
ity is useful for proving extension theorems of measures.

4. THEOREM. Let (X, ) be a regular Hausdorff-space, let I, be a base of I, and
let B, be the o-algebra generated by 7.
(i) If B is a Borel-subset of X then st™'(B) € L (*%,) N ns(*X).
(ii) If v|*®, is a finite internal content, then v ost™" | & is a T-smooth measure and
vost™'| % is a Radon-measure.

PROOF. (i) Let »|*%, be a finite internal content. It suffices to prove that for
every closed set C C X

(1) st™(C) € L(»,*%,) N ns(*X).
We shall show that for every open set T D C there exists B € *#, with
(2) st™{(C) c B, C*T.

Let us at first show that (2) implies (1). Let m(C) = {*T: C ¢ T € I }. Then (2)
implies

(3) st (C)cN{B: CcTeT}cm(C).
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As our model is K-saturated with card() < K, we obtain by Theorem 1(i)—ap-
plied to & = #,—that B:=N{B;: CC T € J } € L(», *%#,). Hence by (3)
st}(C) c Bc m(C) forsome B € L(v,*%,).
As (X, J) is regular, and C is closed, we have
st™}(C) = m(C) Nns(*X).
Hence we obtain st™(C) = B N ns(*X) for some B € L(», *%,), i.e. (1) holds.

It remains to prove (2). To this aim-'let 7> C be a fixed open set. For every
x € C thereexists T, € 7; withx € T, C T.Putforx € C

S, = {Be*B,:*T,C BC*T}.

Then &, x € C, is a system of internal sets. As *#, is closed under finite unions,
{&.: x € C} has the finite intersection property. As our model is K-saturated with
K > card(C), we obtain N, % # @. Let BEN, . ¥,. Then B €*%,, and
*T. C B C*T for all x € C. Hence m(x) C B C*T for all x € C, whence st™*(C)
= U, ecm(x) C B C*T. This proves (2) and hence (i).

(i) W.lg. let 7, be closed under finite unions. As », is a measure on L(», *%,),
we obtain that ¥ and v are measures on L(», *%,) N ns(*X). Hence by (i) we obtain
that vost™ | # and y ost™!| & are Borel-measures. We prove at first that 7 ost™ | #
is 7-smooth. Let 72> ¢ 1 T. We have to prove
(4) #(st™(T)) < sup #(st™"(U)).

veo
As 7, is a base for the topology and X is a regular space, we can choose for each
pair (x,U)withx € U€ 0 aset H, , €7, with
(5) x€H, ,CcH, ,cU,

where cl H denotes the closure of H.

Let ¢ be the system of all finite unions of sets H, , with x € U € 0. As O is
directed upwards, we obtain by (5) that
(6) VH e # 3U € 0 with HC clH c U.
Put &= {*(clH): Hex}. If CC U, C closed, U open, then ns(*X) N*C C
st~}(U). Hence relation (6) implies
(7) VS € ¥ AU € 0 with ns(*X) N S C st™Y(U).
As st (T)=Upcost ™ (U)=Upyecpst™(H)Cns(*X) NUy,c»*H C ns(*X) N
Use S by (5) and (6), we obtain by (7) that
(8) st/{(T)=ns(*X)n U S.

Ses

To apply Theorem 2 put &/= %, and Z = ns(*X). As our model is K-saturated
with K > card(.7"), we obtain by (8), Theorem 2, and (7)

p(st™(T)) =7|ns(*X) n U S) = sup #(ns(*X) N S)
@®) sey ! Th2 geo

< sup #(st™(U)).

M veo
This proves (4) and hence we have shown that 7 ost™! | Z is a 7-smooth measure.
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For (ii) it remains to prove that y ost™!| % is a Radon-measure: By definition of »
we have for each B € &

v(st™(B)) = sup{v,(A4): *B, > A C st”'(B)]}
< sup{z(st!(st4)): *B, 4 C st”(B)}.

Since X is regular, we have that st(A4) is compact for each internal A C ns(*X).
Hence

v(st™'(B)) < sup{»(st"}(K)): K C B, K compact},

1.e. the assertion. O :

According to Example 15, all assertions of Theorem 4 are not true any more if we
omit the regularity of X, even if 7, = and » = *u with 7-smooth measure p.

The following result is a direct consequence of Theorem 4(i). If X is compact, this
result is due to Loeb (see Corollary 3 of [8]; Loeb also gives some extensions).

5. THEOREM. Let (X, ) be a completely regular Hausdorff-space with Baire-o-
algebra %,,. Then

st''(B) € L,(*®,) N ns(*X) for each Borel-set B of X.

PROOF. As X is a completely regular Hausdorff-space, the system 7, of exact
open sets is a base for the topology .. Now the assertion follows from Theorem 4(i),
appliedto 9, =9, and 4, = %,. O

3. Representations of 7-smooth Baire- and Borel-measures with applications. In this
section we give results for measures *u, where p is a standard measure. The
following three lemmata are essential tools for proving our theorems.

If ¥C 2(X)then #Y denotes the system of all finite unions of elements of %,
and % denotes the system of complements of elements of ..

6. LEMMA. Let (X, ) be a Hausdorff-space. Let I, be a base of I and &, be
the o-algebra generated by 7. Then we have for each finite measure p| %,:
(i) supyc o (T) = p(X) for every O c TV with 01 X = *a(ns(*X)) = p(X);
@i1) if *u(ns(*X)) = p(X) and p(B,) = inf{u(T,): B, C T, € I} for all B, €
B, then p| B, =*meost™ | AB,.
PROOF. (i) = Let B € *#, with ns(*X) C B be given. We have to prove

(1) *u, (B) = p(X).

Let x € X be given. Then m(x)=N,cres*T C B, as I, is a base for the
topology and ns(*X) C B. As our model is K-saturated with K > card(J"), there
exists T, € 7, with x € T, *T, C B. Hence we have for each finite E C X

6 p(X) =, (%) > 5, (B) 5, (U *T,

xek

Y ) u )

ek xekE
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As T, € 7|, we have
TUS { UT.Ec Xfinite}TX.
xek

Hence we obtain by assumption
p(X) = sup{ ( U T) EcC Xfinite}.
xekE

Hence (2) implies (1).
(i) < For the converse direction let @ € 7,V with 0 1 X be given. Then ns(*X) C
Uz co*T. Now we obtain by assumption and Theorem 1(i), (ii)

p(X) =*R(as(X)) <, [ U *T) = sup %0, (*T) = sup (7).
TeO TeO TeO

(ii) For each B, € 4, we have, as *u(ns(*X)) = u(X) and u(B;) = sup{p(C):
J,> CC B},

p(B,) = sup{*u(*C):7, 2 CC B} = sup{*(*C N ns(*X)):9, 2 CC B}
sup{ *Z(st™"(C)):J, 2 C C B, } <*i(st™'(B, ))
< inf{*i(st™"(0)): B, c 0 € 7} < inf{p(0): B, c 0 €7} = p(B,). O

7. LEMMA. Let (X, 9 ) be a Hausdorff-space with Borel-algebra %. Let v|*% be a
finite internal content. Then

#(st™'(E)) = inf{#(st ™ (T)):EC T€T} forevery subset E of X.

PROOF. As 7| 2(*X) is monotone, it suffices to show

N

(1) inf{#(st"(T)):ECc Te T} < (st (E)).
By definition of » we have for every E C X,
(2) (st (E)) = inf{»,(A4):st™(E) C A €*B}.

Now let 4 €*% with A D st™!(E) be given. Then m(x) =N{*0: x€0e€ T} C 4
for each x € E. As our model is K-saturated with K > card(7), there exist open
sets T, with x € T, and *T, C A. Hence T} = U, T, is an open set with E C T,
and st (7)) =U, cpst™(T,) €U, *T. C A. Hence
inf{(#(st™(T)):Ec Te T} <#(st™(T})) < ».(4).

According to (2), this implies (1), i.e. the assertion. O

8. LEMMA. Let (X, 7)) be a Hausdorff-space with Borel-algebra # and .| % be a
finite regular Borel-measure. Then

(i) st™'(B) € L(*u, *#) N ns(*X) for all B € %,

(i1) * ost™" | B is a regular T-smooth minorant of p| %.

PROOF. (i) We have for each closed set C that
(1) *C N ons(*X) C st™(C) € m(C) N ns(*X).

From (1) we obtain st™(C) = D N ns(*X) for some *C € D ¢ m(C). Furthermore,
as p is regular, *u, (*C) =*u,(m(C)) and hence D € L(*u, *%#).
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(ii) According to (i) and Lemma 7, *g ost™' | & is a regular measure. It suffices to
prove

I T, 1t X =*Rost™(T,) 1 *mest™(X).
According to Theorem 2, it suffices to prove
*Lost™(T) =*L(*T N ns(*X)).

Using *u, (*C) =*u, (m(C)) for each closed set and using *C, m(C) € L(*u, *#)
we obtain that

(*C 1 ns(*X)) =*E(m(C) A ns(*X)),
and hence by (1)
(2) *L(*C N ns(*X)) =*most™(C).
Let T beopen and C:= X — T. Then
*Lost (T) =*iost™ (X — C) =*post™(X) —*post™!(C)
5 *B(ns(*X)) —*2(*C N ns(*X))

= (ns(*X) N (*X —*C)) = *E(*T N ns(*X)).

Since | % is regular, we obtain *gost™! | # < p| % from the fact that *g(st™'(T))
<*p(*T)=w(T)foreachTe . O

Observe that the following theorem holds for Hausdorff-spaces and not only for
regular Hausdorff-spaces. For regular Hausdorff-spaces parts of Theorem 9 can be
deduced more directly by using Theorem 4.

9. THEOREM. Let (X, 9 ) be a Hausdorff-space with Borel-algebra %#. Let | % be a
finite Borel-measure. Then
(i) p| & regular = *p5 ost™'| B is the greatest regular T-smooth minorant of p| %,
(ii) | # regular and t-smooth < p| B =*iost™ | A.

PROOF. (ii) = Apply Lemma 6(i) and (ii) to I, = 9, #, = %.

(ii))=p is regular according to Lemma 7 applied to »=*u. As u(X)=
*i(st™ (X)) =*E(ns(*X)), p is T-smooth in X according to Lemma 6(i) and hence
7-smooth as p| % is regular.

(i) According to Lemma 8, *post™' | % is a regular T-smooth minorant of p|%.
Let »|% < pu|%# be regular and 7-smooth. Then *yost™! | # <*post™'|%. The
assertion follows, as v | # =*yost™' | Z by (ii). O

Let us remark that if p|Z is only a 7-smooth measure, then it cannot even be
guaranteed that *i ost™!| 4 is a measure (see Example 15).

Part “(i1) = " of the next theorem is due to Anderson [2].

10. PROPOSITION. Let (X, ) be a regular Hausdorff-space with Borel-algebra %.
Let | % be a finite Borel-measure. Then
(i) u| @B regular = *u ost™' | B is the greatest Radon-minorant of j.| %;
(i) 1| @ Radon = 1| B = *ost™ | A.



UNIVERSAL LOEB-MEASURABILITY OF SETS 239

PrOOF. (ii) < follows from Theorem 4(ii) applied to I, =9, %, = %, and
v ="*u.

The other direction holds even for Hausdorff-spaces (see Theorem 3.3 of [2]).

(i) According to Theorem 4(ii), we have that *u ost™' | # is Radon. As p is regular,
we have according to Theorem 1(ii) that

*u(st™(K)) =*u, (m(K)) o inf{p(0):KCc0eT} =pu(K)

for all compact sets K. Hence *post™ |@ is a Radon-minorant of p|%. Let
v|B < pn|# be Radon. Then *po o st~ | B <*uwost™!| %, and hence the assertion
follows as v | B =*post™ | % by (ii). O

From Theorem 9 and Proposition 10 we directly obtain for regular Borel-measures
p| % in regular Hausdorff-spaces, that there exists a (unique) decomposition

”"=nu'R+P‘1+H'a’

where pp|# is Radon, p,|% is purely t-smooth (i.e, p,|%# is 7-smooth and
v| % < p,|# with v|Z Radon = v = 0), and p,| P is purely o-additive (i.e. u,| %
is a measure and »|# < p,|# with v|Z 1-smooth = » = 0). Put pp =*post™,
p,=*post™ —*uost™ and p, = p — pg — p,. Observe that pp(K) =*u ost™(K)
for all compact sets.

The standard proof for this decomposition theorem for regular Borel-measures is
given in Saponakis and Sion [13].

11. COROLLARY. Let (X, J) be a regular Hausdorff-space with Borel-algebra %.
Let u| & be a finite Borel-measure. Then

1| @ Radon < 1| B t-smooth and ns(*X) € L(*u,*%B).
PrROOF. Since p|# Radon implies p|% 7-smooth and p(X) =*u(ns(*X)) by

Proposition 10(ii), it remains to prove “ «<”: As in a regular Hausdorff-space a
r-smooth Borel-measure is regular; we obtain by Theorem 9(ii) u| % =*g ost™' | .
Using Corollary 3(iv) and ns(*X) € L(*u, *#) we obtain *iost™! | B =*post™! | Z.
Hence Proposition 10(i1) implies the assertion. O -

Let us remark that Corollary 11 “ <" is not true without the assumption that X is
regular (use Example 15 and observe that *u ost™!( X)) = 1 implies ns(*X) = st™}(X)
€ L(*n, *%#)).

Corollary 11 together with Corollary 3(iii) implies directly that each finite T-smooth
Borel-measure in a complete metric space is Radon and therefore we obtain the
well-known result that each finite Borel-measure in a Polish space is Radon.

Our next result deals with Baire- instead of Borel-measures.

12. THEOREM. Let (X, T) be a completely regular Hausdorff-space with Baire-alge-
bra B,. Let u| B, be a finite Baire-measure. Then:
(i) *m ost™!| B, is the greatest T-smooth minorant of p|%,;
(ii) *u o st™' | B,, is the greatest Radon-minorant of | %;
(iii) | B, T-smooth < p| B, =*nost™" | B,y;
(iv) u| B, Radon < p| B, =*post™ | B,
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PrROOF. We shall apply Theorem 4 and Lemma 6 to the system 7, of exact open
sets and #, = 4,,.

“@) <" and “(iv)<=" follow at once from Theorem 4(ii) as the restriction of a
7-smooth [Radon-] measure is 7-smooth [Radon] on %,,.

As each Baire-measure is regular, we obtain “(iii) = ” by Lemma 6. Now we
prove “(iv) =

As a Radon-measure is 7-smooth, we have u| %, =*g ost™'| 4, by (iii). Accord-
ing to Theorem 9, it suffices to prove ns(*X) € L(*u, *%,). As p(X) = *u(ns(*X)),
we have to prove

(+) sup{*uL(B):BCns(*X),BEL(*H,*@O)} >p(X).

As p is Radon, for each & > 0 there exists a compact set K with u(B;) > p(X) — ¢
for each B, € %, with B, D> K. We have by Lemma 3.4.4 of [1] that st }(K) =
N{*T:K c T, T exact open}. Hence st™'(K) € L(*u, *%,) (use Theorem 1(i)) and
we obtain by Theorem 1(ii) that

*u, (st (K)) = inf{*u, (*T): K C T, Texactopen} > n(X) —e.

As st™!(K ) C ns(*X), this implies (+).
Now we prove (i) and (ii). Applying Theorem 4(ii) once more, we obtain that
*Lost™' | B, [*pe st™!| %,] is T-smooth [Radon] and for each exact open set 0

*u(st™(0)) <*E(st™(0)) <*u(*0) = p(0),

i.e. *most™'|4%, is a t-smooth minorant [*uost™' |4, is a Radon-minorant] of
| By

Let v| %, < u| %, be a t-smooth [Radon-] minorant. Then *7ost™ < *gost™
[*p ost™! < *uost™'] and the assertion follows from (iii) [(iv)]. O

From Theorem 12 we obtain a decomposition for Baire-measures in the same way
as we got the decomposition of regular Borel-measures. The standard proof of this
decomposition result for Baire-measures is due to Knowles [6].

Now we give a simple nonstandard proof of a famous extension theorem for
7-smooth Baire-measures.

13. COROLLARY. Let (X, I) be a completely regular Hausdorff-space. Let p.| %, be
a finite T-smooth Baire-measure. Then *B ost™" | & is the unique T-smooth extension of
| %,

PRrOOF. According to Theorem 4(ii) applied to the system 7, of exact open sets,
*iost™' | 4 is a T-smooth Borel-measure. According to Theorem 12(iii), we have that
* ost™! | 4 is an extension of u| %,. The uniqueness is trivial. O

For compact spaces the standard proof of the following corollary is due to
Kakutani.

14. COROLLARY. Let (X, 7,), n € N, be regular Hausdorff-spaces and let P, be
Radon probability measures on the Borel-fields %, of X,. Then there exists a unique
Radon-measure on the Borel-algebra # of X X, which extends the product

measure X P X %

neN“"n°

neN

neN
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PROOF. Let & be the system of all finite unionsof 7} X -+ XT, X X, ., X X, ,,
X .-+ with T, €7, i=1,...,n and n € N. Then % is a base for the product
topology with &= o(¥)= X K %, Put p= X _ P, Applying Theorem
4(ii) to X = X _X,, 7 the regular product topology, and » = *u, we obtain that
*wost™!|# is a Radon-measure. As p is the countable product measure of the
Radon probability measures P,, n € N, we obtain 1 = p(X) = sup{u(K): K C X
compact}. Hence *u(cpt(*X)) = 1 whence *u, (ns(*X)) = 1, as cpt(*X) C ns(*X).
Hence we obtain b)7 Theorem 4 that *p o st™!| B =*gost™! | B, whence Lemma 6(ii)
implies *post™! |o/= p| /. Thus *uost™'|# is a Radon-measure which extends
pl. The uniqueness of the Radon-extension is trivial. O

The classical result of Kakutani for arbitrarily many compact spaces X, i € I,
follows in the same way.

The following example shows that in most of our results the regularity of the
underlying topological space cannot be dispensed with.

15. ExaMpPLE. We construct a topological Hausdorff-space (X, ") with countable
base and a probability measure p on the Borel-algebra &, such that

(1) st™}(B) & L(*u, *#) N ns(*X) for some B € &;

(ii) *ji o st™! | & is no measure;

(i) *ost™'| & is not Radon.

Let D € X:= [0,1] be a set of inner Lebesgue-measure 0 and outer Lebesgue-mea-
sure 1. Let J be the classical topology on X = [0, 1] with Borel-algebra %. Put

I={T,u(l,NnD): T, T,€J}.

Then (X, ) is a topological Hausdorff-space with countable base and Borel-alge-
bra

#=0(7)={(B,nD)U(B,NnD):B,,B,e B}
Define on & a probability measure u by
p((B,n D)uU(B, N D)) =\(B)),

where X is the Lebesgue-measure on %.
As D has outer Lebesgue-measure 1, the definitions of 7~ and p imply that

(0) DcTeI=u(T)=1.

We prove that

(1) *post™(D) = 1;

(2) *ost (D) = 1;

(3) *wost™(K) =0 foreach Fcompact K
(4) *uost™(X) = 1.

Obviously (1), (2) imply (ii) and hence (i), and (3), (4) imply (iii).
To (1) and (2). Let C C X be given. We prove at first that

(5) st (C)cBe*B=*u,(B)>u(T) forsomeCc TeT.
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For each x € C we have st™'(x) = N ;< +*T C B. Hence by saturation there exist
T.€9 with x€ T, and *T,C B. Put T=U,.T.. Then CC T €7 and we
obtain by Theorem 1 that

*u,(B) ;*pL( U *T)— sup{ ( U *Tx):EC Cfinite}

xeC x€E

= sup{,u( U TX):E ccC finite} =u(T),
xekE

where the last equality follows, as in a space with countable base each measure is

7-smooth. If C = D, then we obtain from (5) that

*Lost™(D) = inf{*u,(B):st™'(D) cBe*@} p(D) =1.

If C = D, then we obtain from (5) and (0) that

*ost (D) > inf{p(T):DcTeT}=1.
(5) 0)
This proves (1) and (2).
To (3). Let K_C X be J-compact. Since D is Fclosed, K N D is J-compact, too.
Hence K, K N D are J-compact and therefore F-closed. Consequently

(6) KNnDeZ.

By Theorem 1 we obtain

wos (k) =, [ N oT| = int (T

KcTeg KcTes

= inf p(TNnD)=pu(KND)=AXKND)=0,
KcTeg (6)
since D has inner Lebesgue-measure 0.
To (4). Let st be the standard part with respect to the topology .. Since X is
-compact, we have *X = st“(X ). As furthermore

st”'(X) = (st (D) n*p) Ust (D),

we obtain st™}(X) D*D. As u(D) = 1, this implies (4). O
The authors thank the referee for valuable suggestions and for pointing out new
literature.

REFERENCES

1. S. Albeverio, J. E. Fenstad, R. Heegh-Krohn, and T. Lindstrem, Nonstandard methods in stochastic
analysis and mathematical physics, Academic Press, New York, 1986.

2. Robert M. Anderson, Star-finite representations of measure spaces, Trans. Amer. Math. Soc. 271
(1982), 667-687.

3. Robert M. Anderson and Salim Rashid, A nonstandard characterization of weak convergence, Proc.
Amer. Math. Soc. 69 (1978), 327-332.

4. Nigel J. Cutland. Nonstandard measure theory and its applications, Bull. London Math. Soc. 15
(1983), 525-589.

5. C. Ward Henson, Analytic sets, Buire sets and the standard part map, Canad. J. Math. 31 (1979),
663-672.



UNIVERSAL LOEB-MEASURABILITY OF SETS 243

6. J. D. Knowles, Measures on topological spaces, Proc. London Math. Soc. (3) 17 (1967), 139-156.

7. Peter A. Loeb, Conversion from nonstandard to standard measure spaces and applications in
probability theory, Trans. Amer. Math. Soc. 211 (1975), 113-122.

8. ., Weak limits of measures and the standard part map, Proc. Amer. Math. Soc. 77 (1979),
128-135.

9. ______, An introduction to nonstandard analysis and hyperfinite probability theory, Probabilistic
Analysis and Related Topics, vol. 2 (A. T. Bharucha-Reid, ed.), Academic Press, New York, 1979, pp.
105-142.

10. , Measure spaces in nonstandard models underlying standard stochastic processes, Proc.
Internat. Congr. Math., Warzaw, 1983.
11. , A functional approach to nonstandard measure theory, Conference on Modern Analysis and

Probability (Beals et al., eds), Amer. Math. Soc., Providence, R.1., 1984.

12. W. A. J. Luxemburg, A general theory of monads, Applications of Model Theory to Algebra,
Analysis, and Probability (W. A. J. Luxemburg, ed.), Holt, Rinehart and Winston, New York, 1969, pp.
18-86.

13. A. Saponakis and M. Sion, On generation of Radon-like measures, Lecture Notes in Math., vol. 1033,
Springer-Verlag, Berlin and New York, 1983, pp. 283-294.

14. K. D. Stroyan and W. A. J. Luxemburg, Introduction to the theory of infinitesimals, Academic Press,
New York, 1976.

MATHEMATISCHES INSTITUT DER UNIVERSITAT ZU KOLN, WEYERTAL 86-90, D - 5000 KOLN 41, FEDERAL
REPUBLIC OF GERMANY

FACHBEREICH 11, MATHEMATIK, UNIVERSITAT - GESAMTHOCHSCHULE DUISBURG, LOTHARSTR. 65,
D - 4100 DUISBURG, FEDERAL REPUBLIC OF GERMANY



